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Abstract
In this short note we present a generating function computing the com-
pactly supported Euler characteristic χc(F (X,n),Kn) of the configura-
tion spaces on a topologically stratified space X, with K a constructible
complex of sheaves on X, and we obtain as a special case a generating
function for the Euler characteristic χ(F (X,n)). We also recall how to
use existing results to turn our computation of the Euler characteristic
into a computation of the equivariant Euler characteristic.
1 Introduction
We consider (ordered) configuration spaces of n distinct points on a topo-
logical space X, for n ≥ 0 an integer:
F (X,n) = {(x1, . . . , xn) ∈ Xn|xi 6= xj for i 6= j}
These spaces admit a free action by the symmetric group Sn by permu-
tation of the coordinates. One can also consider the quotient space
B(X,n) = F (X,n)/Sn.
In particular, the map F (X,n)→ B(X,n) is a covering map.
We will be interested in computing the Euler characteristic of the
spaces F (X,n). In the case of a manifold M , the exponential generating
function for the Euler characteristic of configuration spaces on M is
∞∑
n=0
χ(F (M,n)) · t
n
n!
=
{
(1 + t)χ(M) if dim(M) is even
(1− t)−χ(M) if dim(M) is odd. (1)
This formula can be found using the fibration
M \ {p1, . . . , pn−1} → F (M,n)→ F (M,n− 1).
Using multiplicativity of the Euler characteristic on fibrations (and Mayer-
Vietoris to compute the characteristic of the fibers) we can prove induc-
tively that
χ(F (M,n)) =
{ ∏n−1
i=0 (χ(M)− i) if dim(M) is even∏n−1
i=0 (χ(M) + i) if dim(M) is odd.
and these coefficients induce the aforementioned exponential generating
functions.
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We are therefore primarily interested in the case when X is not a
manifold. If X is a finite simplicial complex, the following formula was
found by Gal [Gal01]:
∞∑
n=0
χ(F (X,n) · t
n
n!
=
∏
σ
(1 + (−1)dσ (1− vσ)t)(−1)
dσ
(2)
where the product runs over all the cells σ of X, dσ denotes the dimension
of σ and vσ the Euler characteristic of its normal link Lσ. If we use
the compactly supported Euler characteristic, Getzler [Get95] found the
following formula, which applies to any locally compact Hausdorff space:
∞∑
n=0
χc(F (X,n)) · t
n
n!
= (1 + t)χc(X).
This formula will be further discussed in Lemma 2.5. We can already
notice that it generalizes formula (1), since for even-dimensional mani-
folds M we have χc(M) = χ(M), while for odd-dimensional ones we have
χc(M) = −χ(M).
The formula we present here generalizes (2) to any topologically strat-
ified space of finite type X = ∪αXα. For each stratum Xα, let dα be its
dimension and Lα its link. We can express our formula as
∞∑
n=0
χ(F (X,n) · t
n
n!
=
∏
α
(1 + (−1)dα(1− χ(Lα)) · t)(−1)
dαχ(Xα). (3)
We remark that in the special case when X is a finite simplicial com-
plex, with the stratification given by its open cells, our formula (3) be-
comes the same as Gal’s (2).
Remark 1.1. Many "reasonable" spaces admit a topological stratification.
For example every algebraic variety, or more generally every semialgebraic
or subanalytic set admits a topological stratification, since they all admit
a Whitney stratification.
The formula given here is simple and the proof is not too involved,
however to the best of our knowledge it has not appeared in the litera-
ture. If we compare with (2), our formula seems more convenient as there
is no need to triangulate X and X is not necessarily compact. Another ad-
vantage of our formula is that the same argument allows more generally to
compute the compactly supported Euler characteristic χc(F (X,n),Fn)
for any constructible complex of sheaves of finite type F on X (see The-
orem 2.8). The formula (3) is obtained as a special case with F the
dualizing complex of X.
Our proof uses sheaf cohomology and Verdier duality. Most of the
arguments are formal properties, but we need some technical assumptions
to ensure that the dualizing complex of our space has good properties.
Remark 1.2. During the final stages of writing this paper, we learned that
Yuliy Baryshnikov [Bar20] independently discovered results that signifi-
cantly overlap with the results presented here.
1.1 Conventions
In the following we will use topologically stratified spaces of finite type.
We will recall the definition of topologically stratified spaces [GM83] and
some of their properties.
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Definition 1.3. An n-dimensional topologically stratified space is a Haus-
dorff space X with a filtration
∅ = X−1 ⊂ X0 ⊂ X1 ⊂ . . . ⊂ Xn = X
of X by closed subspaces such that for each i and each x ∈ Xi\Xi−1 there
exists a neighborhood Ux ⊂ X of x, a compact (n − i − 1)-dimensional
topologically stratified space Lx and a filtration preserving homeomor-
phism
Ux ∼= Ri × CLx
with CLx denoting the open cone on Lx.
The connected components Xα of the set differences Xi \ Xi−1 are
called the strata of X.
Remark 1.4. From the definition of topologically stratified spaces we can
derive following useful properties:
• It is not required that any of the inclusions Xi−1 ⊂ Xi are strict. In
particular every n-dimensional topologically stratified space admits
an (n+ 1)-dimensional topological stratification with Xn+1 = Xn.
• Since the homeomorphism Ux ∼= Ri × CLx is filtration preserving,
the strata Xα are topological manifolds.
• We call the space Lx the link of x. We can prove that on any stratum
Xα we can choose the same link for all points x ∈ Xα and we will
therefore write this space Lα.
We say that a topologically stratified space X is of finite type if the
collection of strata is finite and every stratum is (homeomorphic to) the
interior of a compact manifold with boundary. This latter condition is
enough to ensure that the strata have the homotopy type of a finite CW-
complex, and in particular that their Betti numbers are finite.
All sheaves considered are sheaves of Q-vector spaces, so in particular
all sheaves are flat. We will always assume that the complexes of sheaves
are cohomologically bounded and that local systems have finite rank. We
will also need the notion of a constructible complex of sheaves. A sheaf F
on a stratified space X = ∪mi=1Xi is called constructible if its restriction to
each stratum Xi is a local system of finite rank. A complex of sheaves F•
is called constructible if each cohomology sheaf Hp(F•) is constructible.
We will use χc(X,F•) the compactly supported Euler characteristic
with sheaf coefficients. As always, the Euler characteristic is defined as
the alternate sum of the cohomology groups, so we need to know what is
H•c(X,F•), with F• being a complex of sheaves.
Definition 1.5. Let F be a sheaf on a space X. We define the functor
of global sections of F with compact support as
Γc(X,F) = {s ∈ Γ(X,F) : supp(s) is compact},
the support of a section s ∈ Γ(U,F) being the set {x ∈ U : sx 6= 0}.
As for the regular sheaf cohomology, we then define the cohomology
groups with compact supports H•c(X,F•) to be the higher direct image
of the functor Γc(X,−). When F• is the constant sheaf Q concentrated
in degree 0, we may omit the coefficient.
Remark 1.6.
• When X is compact, then Γc(X,−) = Γ(X,−) and therefore for
any complex of sheaves F• we have H•(X,F•) = H•c(X,F•). This
means in particular that χ(X,F•) = χc(X,F•).
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• When X is a manifold of dimension d, we have χc(X) = (−1)dχ(X),
by Poincaré duality.
2 Computing the Euler characteristic
Although the introduction focused on the Euler characteristic χ(X), we
will work with the Euler characteristic with compact support χc(X,F).
We explain later how the former is a special case of the latter.
Definition 2.1. Let X be a topological space and K be a complex of
sheaves on X. We define the generating series
e(X,K; t) =
∑
n
χc(F (X,n),K
n) · t
n
n!
.
This expression makes sense if all the compactly supported Euler char-
acteristics on the right hand side exist.
We will use the result that the Euler characteristic with compact sup-
ports χc(X,F) is additive over stratifications. We present here a proof of
this result for the reader’s convenience.
Lemma 2.2. Let X = ∪mi=1Xi be a space with a finite stratification and
K be a complex of sheaves on X. Then we have
χc(X,K) =
m∑
i=1
χc(Xi,K)
Proof. The key result is that whenever X is partitioned into two subsets
U and Z with U open and Z closed, then
χc(X,K) = χc(U,K) + χc(Z,K). (4)
More information about this identity can be found in [Dim04, Remark
2.4.5]
We prove Lemma 2.2 by induction on the number of strata. This result
is true whenever the (finite) stratification satisfies the two conditions that
every stratum is locally closed and that the closure of each stratum is
a union of strata. These conditions are clearly satisfied in the case of a
topological stratification.
• If the stratification has one stratum there is nothing to prove.
• If the stratification has two or more strata, by the conditions men-
tioned above we can assume without loss of generality that the stra-
tum X1 is closed, and let X ′ be the union of all remaining strata.
The identity (4) gives that χc(X,K) = χc(X1,K) + χc(X ′,K), and
we conclude by employing the induction hypothesis on X ′.
If L is a complex of sheaves whose cohomology sheaves are local sys-
tems, we define its Euler characteristic χ(L) as the alternating sum
χ(L) =
∑
s∈Z
(−1)srk(Hs(L)).
The ranks are well-defined since the cohomology sheaves are local systems.
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Remark 2.3. If L,L′ both have cohomology sheaves which are local sys-
tems, then χ(L⊗L′) = χ(L)χ(L′) by the Künneth theorem for complexes
of sheaves.
Lemma 2.4. Let X be the interior of a compact manifold with boundary
and let L be a complex of sheaves on X whose cohomology sheaves are
local systems. Then χc(X,L) = χc(X)χ(L).
Proof. We first consider the special case when L is a single local system
in degree 0. In that case χ(L) = rk(L) and we can prove the result as
follows: Since χc(X,−) = (−1)dim(X)χ(X,−), we can work with the usual
cohomology. Moreover X is homotopy equivalent to a compact manifold
with boundary (its closure), and these spaces have the homotopy type of a
finite CW-complex, so X is homotopy equivalent to a finite CW-complex.
We can therefore reduce the statement to the case when X is a finite
CW-complex, and this case can be proven by using cellular cochains (see
also [Dim04, Proposition 2.5.4]).
For the general case we use the spectral sequence relating sheaf coho-
mology and hypercohomology to obtain
χc(X,L) =
∑
i
(−1)irk(Hic(X,L))
=
∑
p,q
(−1)p+qrk(Hpc (X,Hq(L)))
=
∑
q
(−1)qχc(X,Hq(L))
= χc(X)χ(L).
Lemma 2.5. Let X be a Hausdorff topological space. Then
e(X,Q; t) = (1 + t)χc(X)
Proof. This formula is already known. We give an argument for the
reader’s convenience.
The space Xn admits a stratification whose strata are the configu-
ration spaces F (X,T ) for T any partition of the set {1, 2, . . . n}. The
configuration space F (X,T ) is defined as the space
F (X,T ) = {(x1, . . . , xn) ∈ Xn|xi = xj ⇔ i ∼T j}
or in English F (X,T ) is the subspace of Xn where two coordinates xi
and xj are equal if and only if i and j belong to the same block of T . By
Lemma 2.2 we obtain
χc(X
n) =
∑
T∈Πn
χc(F (X,T )).
Now on the one hand by multiplicativity we have χc(Xn) = χc(X)n,
and on the other hand, if |T | denotes the number of blocks of the partition
T , we have an identity χc(F (X,T )) = χc(F (X, |T |)). Therefore the above
equality becomes
χc(X)
n =
n∑
k=1
S(n, k)χc(F (X, k))
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with S(n, k) a Stirling number of the second kind, defined as the number
of partitions of n in k parts. Using (signed) Stirling numbers of the first
kind s(k, n), we can invert the relation between χc(X)n and χc(F (X, k))
to obtain
χc(F (X, k)) =
k∑
n=1
s(k, n)χc(X)
n.
Finally we use the generating function for the Stirling numbers of the
first kind to obtain
∞∑
k=0
χc(F (X, k))
tk
k!
= 1 +
∞∑
k=1
k∑
n=1
s(k, n)χc(X)
n t
k
k!
= (1 + t)χc(X).
Lemma 2.6. Let X be the interior of a compact manifold with boundary
and let L be a complex of sheaves whose cohomology sheaves are local
systems. Then
e(X,L; t) = (1 + χ(L) · t)χc(X).
Proof. We first notice that χc(F (X,n), Ln) = χc(F (X,n)) · χ(L)n due
to Lemma 2.4 and Remark 2.3. Then using Lemma 2.5 we obtain
e(X,L; t) = e(X,Q;χ(L) · t) = (1 + χ(L) · t)χc(X).
Proposition 2.7. Let X =
⋃m
j=1 Xj be a stratified space and K be a
complex of sheaves on X. Then
e(X,K; t) =
m∏
j=1
e(Xj ,K|Xj ; t).
Proof. The stratification (Xj) induces a stratification of F (X,n) with
strata of the form
m∏
j=1
F (Xj , nj)
such that n1 + . . . + nm = n and nj ≥ 0 for each j. Moreover, the
restriction of Kn to each such stratum is
mj=1(K|Xj )nj .
Once these two observations have been made, we can first compute for
a fixed n
χc(F (X,n),K
n) · t
n
n!
=
∑
n1+...+nm=n
(
n
n1, . . . , nm
)
χc
(
m∏
j=1
F (Xj , nj),mj=1(K|Xj )nj
)
· t
n
n!
=
∑
n1+...+nm=n
m∏
j=1
χc(F (Xj , nj), (K|Xj )nj ) ·
tnj
nj !
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and thus we obtain for the exponential generating function
e(X,K; t) =
∑
n
χc(F (X,n),K
n) · t
n
n!
=
m∏
j=1
∑
n
χc(F (Xj , n), (K|Xj )n) ·
tn
n!
=
m∏
j=1
e(Xj ,K|Xj ; t).
We are now ready to state the main result:
Theorem 2.8. Let X = ∪mi=1Xi be a topologically stratified space of finite
type and K be a constructible complex of sheaves on X. Then
e(X,K; t) =
m∏
i=1
(1 + χ(K|Xi) · t)χc(Xi)
Proof. From Proposition 2.7, we obtain that
e(X,K; t) =
m∏
i=1
e(Xi,K|Xi ; t).
Then, for each stratum Xi we apply Lemma 2.6 to obtain
m∏
i=1
e(Xi,K|Xi ; t) =
m∏
i=1
(1 + χ(K|Xi) · t)χc(Xi).
We now explain how to recover the Euler characteristics χ(F (X,n))
from previous theorem.
We define the dualizing complex DQ of X as the sheafification of the
presheaf of cochain complexes
U 7→ C•c (U,Q)∨
sending U to the dual of the complex of cochains with compact support
on U . Using [Ive86, Proposition V.2.4], we see that this definition corre-
sponds to the more usual one with the exceptional inverse image functor.
A standard result of Verdier duality is that H•c(X,DQ) = H−•(X,Q)∨ (see
[Dim04, Theorem 3.3.10], using the fact that D(DQ) ∼= Q). This means in
particular that χc(X,DQ) = χ(X). We also notice that for a topologically
stratified space X, the dualizing complex has constructible cohomology
since for any stratum Xα of dimension i and any point x ∈ Xα, x admits
a basis of neighborhoods all homeomorphic to Ri×CLα. Finally we easily
see from the definition that DQ is cohomologically bounded.
The remarks made in the previous paragraph actually allow us to prove
that for any stratum Xα and any point x ∈ Xα we have
H−p(DQ|Xα)|x ∼= Hpc (Ri × CLα)∨
and therefore
χ(DQ|Xα) = χc(Ri × CLα)
= (−1)iχc(CLα)
= (−1)i(1− χ(Lα)).
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Corollary 2.9. Specializing the Theorem 2.8 with K = DQ gives the
formula for the Euler characteristic∑
n
χ(F (X,n)) · t
n
n!
=
∏
α
(1 + χ(DQ|Xα) · t)χc(Xα)
=
∏
α
(1 + (−1)dα(1− χ(Lα)) · t)(−1)
dαχ(Xα).
2.1 The equivariant Euler characteristic
Let us remark that knowing the Euler characteristic χ(F (X,n)) also de-
termines χ(B(X,n)) as well as χSn(F (X,n)) ∈ R(Sn). The main obser-
vation that we will use here is that for any positive integer n, the space
F (X,n) admits a free action of the symmetric group Sn by permutation
of the coordinates.
Proposition 2.10. Let X be a topologically stratified space. Then
χ(B(X,n)) = χ(F (X,n))/n!
and
χSn(F (X,n)) = χ(B(X,n)) ·Q[Sn].
In particular, the equivariant Euler characteristic of F (X,n) is a mul-
tiple of the regular representation.
This result is a special case of a more general result about the Euler
characteristic of spaces with a free action of a finite group, which seems
to have been first written down by Zarelua [Zar68, Theorem 1]. The main
ingredient of the proof is the Lefschetz trace formula, which implies that a
trace Tr(g) =
∑
i (−1)iTr(g|Hi(F (X,n))) is 0 for all g ∈ Sn, g 6= e. The
rest of the proof uses standard results of character theory on the double
sum ∑
i
∑
g∈Sn
(−1)iTr(g|Hi(F (X,n))).
2.2 Example
We finish by showing how to use our formula for a space to which the
previously known formulas do not apply. Note that in the proof we as-
sumed that the strata where connected, but in computations we can allow
non-connected strata as long as the link Lx is the same for each point of
the stratum. This doesn’t change the result because of Lemma 2.2.
Consider the subspace X ⊂ R3 formed by two planes Π1,Π2 intersect-
ing on a line l. The space X is obviously not a manifold, and it also cannot
be represented by a finite simplicial complex since it is non-compact, so
Gal’s formula does not apply.
We can take the stratification X = X1∪X2, with X1 being the disjoint
union of the four half-planes, and X2 being the intersection line. In this
situation, the link L1 is the empty space, while the link L2 is a discrete
space with four points. We therefore obtain
e(X,DQ; t) = (1 + t)4 · (1 + (−1)(1− 4) · t)−1 = (1 + t)4 · (1 + 3t)−1.
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